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ABSTRACT

Y

2 Heat checking phenomenon in mechanical seals resulting from the
passages of a single asperity over the face of a seal ring has been
solved with a thermomechanical model of a semi-infinite medium sub-

= Jected to the frictional heat source over the moving contact zone. An
earlier analysis of such a problem was based upon a two-dimensional
model of a single moving asperity. Such a load resulted in fracture
which is initiated beneath the surface at the trailing edge of the
moving load. For a better description of the physical problem, a
three-dimensional model is examined in the present study. A single
moving asperity, with a circular or a rectangular geometry of the con-
tact area, is assumed on the mating part of the seal face. The general
solution is obtained for any distribution of contact loads. Numerical
solutions are obtained for uniform and parabolic distributions of pres-
sure over the circular and rectangular contact zones. The traverse
speed of the friction load is considered the same as the rubbing speed
for the current problem. The roles of material properties and oper-
ating variables are delineated in terms of dimensionless parameters.
The analytical solutions of the mechanical and the thermal stress
fields are solved by means of the double Fourier transforms. The tem-
perature field is obtained by the use of the Green's functions. Numer-
ical results of the corresponding integral solutions are represented in

graphs.

x

DXy

4

SChCL ORIkt

PP L

QAT

Accec;ion For

CNTIT GRA&L
Tt oTaRm

i1 I nen

. e e e e e et et mas L R T
AR AR A A A T T PN e T
A T A T Co :
. N N LI I P D S .

.f\L\f.I'.c‘ t‘..\'..\_..'..\_...' ',__‘,_\‘_.. W e T, L e - T N . .
PR SN it e bl o sk o S 8o e tton e 2, P P T VRS SRA hlP J WAY WR A S WY YO YOS Wy YRS Y0P WS L PRI WA % —_ . . N




; P
Y RAPRE

N WA

"R

W A A

.8 &

‘l'; " _n\.‘.l. ..A: “

2
T el
* . DA H
e
L SRR A SR

Nomenclature

a Asperity characteristic dimension, the half width of the
rectangular contact area in the direction of traverse or
radius of the circular contact area

b Half length of the rectangular contact area perpendicular to
the direction of traverse

c specific heat

D Differential operator with respect to x3

k Thermal conductivity

M Dilatational speed ratio [=V(o/(A + 2u))1/2]

Shear speed ratio [-V(p/u)I/Z]

Average pressure over the contact area

Heat flux through the contact area

Average heat flux through the contact area (=ufpov)
Traction over the contact area

Aspect ratio (b/a) or time

Temperature field

u Displacement field

Traverse speed of asperity (-x; direction)
Coordinates fixed to the moving asperity

Fourier transform of a variable

Partial derivative with respect to x4 coordinate
Coefficient of thermal expansion

Kronecker delta

Dimensionless temperature field (=Tk/qqa)

Thermal diffusivity

1ii

,,,,,,,,,,,,,,,,,,,,

..................
................................
...................

a ‘o 8. Mmoot

i,




uf
P

°ij
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Lamé coefficient

Lamé coefficient, modulus of rigidity
Coulomb coefficient of friction

Mass density

Stress field

Dimensionless stress field

Mechanical stress field

Thermal stress field

{€,n,t} Dimensionless coordinates (= xj/a)
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1.0 INTRODUCTION

The present investigation addresses one specific failure mechanism
in marine seals, that severely affects its service life. The seal is
designed to locate along the propeller shaft to prevent leakage of sea
water through the shaft tunnel. Figure 1 illustrates one assembly of
such device, in which the seal consists essentially of two mating annu-
lar rings, one of which is fixed to the tunnel housing, another is
mounted under spring pressure to rotate with the shaft. The mating
surfaces of the rings therefore are pressed against each other and
rubbing at a high speed. The design nominal pressure between the seal
rings depends on the type of vessel and the location of the seal. For
instance, a low pressure of about 100 kPa (14.5 psi) is sufficient for
most surface vessels; for submarines, the pressure required could
increase by orders of magnitude. Had the pressure been evenly distri-
buted according to design, the life of the seal will no longer be a
serious problem even at a high rubbing speed. However, it is well-
known that the actual contact area may only be a small fraction of the
nominal area at the design interface. In other words, a low nominal i
design pressure may very well result in a very high interfacial pres-
sure, thus a very high dry frictional force in the actual contact
area. The high friction would cause locally an extremely high tempera-
ture, called “"flash temperature" by Archard [1]. The local contact
area is therefore otherwise called the "hot spot® [2]. In severe cases
the temperature can be extremely high, leading to cracking of the sur-
face [3]. The frictional cracking, or heat checking, has been observed
to occur in seal rings [4]. If we use the figure of 10-3 as area
ratio (contact area/nominal area)--Burton [5] considered 10-" as a
possible area ratio, a low pressure of 240 kPa (35 psi) could result in
a 240 MPa (35000 psi) local pressure in the contact zone, a pressure
well within the range of fracture initiation with unfavorable Coulomb
coefficients [6].

The cause of the localization of the contact area will not be con-
sidered here; nor will the metallurgical change in the surface layer.
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Figure 1. Mechanical face seal.
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It will suffice to assume that the localization of contact areas is due
to some form of asperities, which may be fixed to any of the mating
surfaces or may precess with respect to both. Kennedy et al. [7],
using carbon ring against a metallic mating ring of 440 Cs.s, beryllium
copper or 52/00 bearing steel, showed existence of spot asperities on
the metallic rings. Burton [8] reported on the use of aluminum ring on
glass disk, showing hot spot precessing at a much slower speed compared
to the rubbing speed. Marscher [9,10] treated the thermomechanical
stress state in the part that contains the asperity. The present
investigation treats the thermomechanical stress state in the part that
mates with the one containing the asperity and the possibility of heat
checking therein. The formulation also allows extension to problems of
different rubbing speed and precessing speed of the asperity.

Because of the relative size of the seal matertal and the moving
asperity, the seal will be represented by a half space. The asperity
contacts with the material at the otherwise traction-free surface in a
small rectangular or circular region, which traverses the surface at a
speed (V) of the order of 10 m/s (~400 ips), Figure 2. The coordin-
ates {x1} are fixed to the moving asperity such that x; points toward
the trailing direction of the motion, x2 is perpendicular to the tra-
versing direction, and x3 is a depth measure pointing inward from the
surface into the material, Figure 2. For the rectangular contact area,
the aspect ratfo, t(= b/a), is a parameter for three-dimensional
effect. For large aspect ratio, the load is effectively a moving line
load that has been represented by a two-dimensional plane strain solu-
tion [6]. In the present report the pressure and tangent force are
arbitrarily distributed over the contact area for the general solutions
in the integral form. Numerical solutions will be obtained specifical-
ly for the uniform and the symmetrical parabolic distributions.

Since the speed of traverse is much smaller than the Rayleigh wave
speed, which for a steel based seal material is approximately 2800 m/s
(<11 x 10" ips), no wave propagation phenomenon is considered. How-

ever, for the same material and a haif contact width of the order of
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1 mm, the Pec1ét number (Pe = Va/x) is of the order of 500, of which
the magnitude is quite sufficient to necessitate the consideration of
the dynamic effect of the traverse speed. It is assumed that the
material remains predominantly elastic and hence that the uncoupled
theory of thermoelasticity holds. Later it will be verified that the
maximum principal stress will be under the yield stress except at a
very small neighborhood where the ultimate strength is reached. The
postulations allow us to treat the mechanical stress state and the
thermal stress state separately. The combined effect will then deter-
mine the possibility of fracture initiation. The general solutions for
the mechanical stress state, the temperature field and the thermal
stress state are derived with the Fourier transform method and the
Green's function method. The numerica! data are computed with a com-
bination of analytical integration and numerical method to avoid heavy
computation time and stability problems.
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2.0 STRESSES FROM MECHANICAL EXCITATION {ai.}

Basic Governing Equations. The working equations come from Cauchy's
law and Hooke's law. In terms of the moving convective coordinates
{xi} and with the absence of body forces, the acceleration in
Cauchy's law will have only the convective terms. Hence, we have

3. av. = pV2 ]

1
J i 1Y » (1)

where uy is the displacement field, o?j is the mechanical stress field,

3j denotes partial derivative with respect to X3 ‘Sij is the Kronecker
delta, V is the asperity traverse speed, (p, A, u) are material con-
stants. The method to solve (1) and (2) will be similar to the one
used by Eason [11].

Equations (1) and (2) are conveniently solved by the method of

double Fourier transform with respect to (xi, x2)

_ ® fo 1(X9x1¥XX,)
T(Yl,xz,x3) 3%'1? /; /_“ f(xl,xz,x3) e *172%2 dx1 dx2 . (3)
With the use of the relation
n . — N
. f=(-ix)F, r=12,

we get

- =M =M 2 2 - . o=
-ix. °jr+ D °j3= -pV X1 Uy, j=123;r=1,2, (4)

lsummation convention is used for repeated indices of roman minuscules.
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subject to

-iA xk"kcrs - 1u(xruS + xsur) + AD

-1uxru3 + uDur

the boundary conditions

JRi at X3 = 0

U. * >
Uy 0 as X3 ¥,

where the transformed quantities are denoted by a superposed ().
is the traction on the surface x3 = 0, D denotes derivative with
respect to x3 and the index i = 1,2,3.

Displacement and Stress Fields.

(0% + (M - 8%) %] - X5 W) - X,(8% - 1) T, - 1%;(8% - 1) Dy = 0
-?1?2(32 -1 T+ ro? + (n§ - 1) if - szig] T, - 172(32 -1) iy = 0

-1‘:?1(82 - 1) 0g, - 1?2(32 - 1) 0T, + [8

.........
.......................

.........
----------------------------

oty W W T e L

Solution of the set of ODE (4,5) fol-
lows by combining (4) and (5) first, resulting in

+(M§-1)I§-I§]U3=o
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MoVt V2w = w2,

20 (x+ 2u)u .

Equation (8) is a system of three simultaneous homogeneous 1linear
equations for three unknowns {E}}. For nontrivial solutions the
determinant of coefficients should be zero identically, that is

02 + (M3-62) 2 - L - XX, (8%-1)
A = K yx,(82-1) 0% + (M3-1) X} - 82 %
-1%;(8%-1) 0 -1%,(8%-1) D

= 8202 - nd) (0% -nd)2=0,
where

n =

] (;f + ;g - ;%)1/2 . r=1,2.

Hence, Equation (8) results in

2

(0% - nd) (07 - nd)? (@), Ty, Ty) = 0

-1%, (82-1)
-1%,(82-1)

82p2 + (ng-l) if

whose solutions, with the consideration of the regularity condition

(7), are

“NaX3

-MqX
173, (B + Cpx3) e ,

ﬁl = Ale

=Ny X =Ny X
- 173 273
u, = Aze + (B2 + C2x3) e R

-nqX
Uy = Age 13, (By + Caxj) @ NaX3 ,

D

0

-2
-xz

(9)

(10)




..............................................................

where Ay, A2, A3, B;, B2, B3, C;, C2, C3 are independent of x3.
Substituting Equations (10) into (8) gives certain relations between
these quantities as follows.

and

Thus, Equation (10) can be rewritten as

iX7A,  -nyx -n, X
T i I L I 1 I
1 ny 1

ix. “N, X “N, X
— XAy -myxg 2%3
2 m ¢ T tBhe T

N4 X *NaX
T, = Age 13-;—2(7131@232)9. 23 | (11)

Expressions for the transformed stress components may be obtained
by the substitution of Equations (11) into (5). In particular, we have

3
3
b
b
]
4

.......................................................
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AM%E% - 2unf N1 Xg _ _ =NyX4
033 * A3 e + 12u(x181 + szz) e .

=14 X =N, X
932 = -12ux;Aze 13 ‘:—2 [x)%,8 + (n5 +%5) Bl e 27,

“MX3

-n, X
351 = -12u§iA3 e ﬁ; [(ng + i%) B, + iiiész] e 273 . (12)

In view of the boundary condition (7), A3 and B;, B2 can be
readily solved and expressed in terms of Rj.

2uFAy = 0 [(R% + 35 - 3 M3x0) Ry + fn,(RyRy + X R,)1
2uFB) = -Txynn Ry + rll—z ((ROGE + 75 - 5 %% - 2nyny) + n3(C + %5

1R -xx Gl e -1 B2 - n,) R,
7 X Ry = XX (7 + X5 - 3 Mx) - 2yny) R,y

- 1 - 2 1,22
[—2(-2 =2 1,222 2(-2 =2 1,22
+ XY + 3 - g MRY - 20qnp) + mp(R] + G - g WX Ryl

(13)
Following the substitution of Equations (13) into (11), we obtain

20F T = (T Fs = TR = T )e-n1x3-$17nnl’
1 173 - xRy - xpxon R, |1t

=2 -
X X¢X =N, X
2 1%2 | "3
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2uF u, = (ix,n.R, - X R'-?Znﬂ')e-nlx:;- ix,n,n,R.
2 233 1 2 2™ 2272 217273

Y

-n,x
- annz) R' [—-1- (n - 2n1n2) + n2n3] R'Zée 23 R

- “N1X3
2uwF uy = (n1n3 + ixlnlnzl(1 + 2 nn, 2) e

* A

=N, X
- [y (2 + ) By + TRyngR, + ,nR,] e 22,

ng = 4*72 %"Zﬁ F="§'"1"25‘21*7z2’)°

{ LEALRAALE

Sl

Stress components can then be determined by the substitution of (14)
into (5) in accordance with the new variables as follows

g etal
5%,

LR
IR

Nl = ﬂ3 - 2"1"2 ’ ”2 = Nllnz > IB- = “3.R-3 + inz(;lll + ;ZR-Z) ’

[ N

I

thus we have
. “Nq X
F Fy =B+ B -nd) A+ 2iGle © 3 - 2ulTinnR,
_ [_2 . -NoX4
+ 1R) KGN, + npngl By - XN R} e .
ZuF?“ =5 [(x + R - nz) A+ 215('2] e-nlx - Zu{x n
1 2 1 2 2'1 1 3

= 2 - “2%3

.
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-ny X
2uF3‘g3=B[(7§+?g-nf)k-2un2]e 173

“N,X
+ zmztaf + 73) Ny + ing(K[R, + X R,)] e 2”3

=N, X
e

2uF 3’1'2 = 21x;%,B 3. 2u{x, %y n,Ry + -iz-i'z[nzn3

=N X
- (R - 35 NI Ry + g Xylnpng + (5 - X3 N1 Ryl e 23,

-nyx
2uF '0’33 = -2uix,n,B e 173, u{ii‘znl 2 +nd) R

=-N,yX
- BEp Ry - KNy + ng(n2 + X Ryl e 23,

Ny X

2wF '5’;1 = -Zuiflnl'B' e- 173, u{ii’lnl(?f + T; + ng) R'3

-n,X

- DT%NI + n3(n§ + ?i)] R'l - 2;1"2"1"2“2} e 273 . (15)
The displacement and stress fields are to be left in the Fourier
transform expressions (14) and (15). The actual fields are to be

obtained through inverse transform after the substitution of the
boundary values {Rj}.
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7i: 3.0 STRESSES FROM THERMAL INPUT {éll_
(“ Temperature Field. The heat equation with constant thermal properties,
E% assuming quasi-steady state and no heat generation in the medium, as

22 : expressed in terms of the convective coordinates {xj}, is

3

. 3 T=tarT (16)
‘

3

}Q where x is the thermal diffusivity.
fB The boundary conditions at x3 = 0, are

éf -q(xl, x2) , in the contact region

s k3,T = (17)
= 0, elsewhere

o
& T,oT+0 as (xpx)Y/2se. (18)
»

f? Note that T is the temperature above the stress-free ambient, k is
& the thermal conductivity, q is the heat flux (-R1V = uepV), where

.é ug is Coulomb coefficient and p is normal pressure distribution on

é the surface x3 = 0. It is assumed that the mating seal, that contain-
¥ ing the asperity, is an insulator.
"y The double Fourier transform of Equations (16) through (18)

53 become, respectively,

3

X (0% -(s2+ )] T=0, (19)

Jﬁ(il, Ih) , in the contact region
kDT =Q = (20)
o, elsewhere

X3 7%, (21)
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where sZ = Yf + Yg and n = ~(V/x) X;. Nowlet T =T, + iT, and Q/k =

N 'Pi + iP,, then Equations (19) and (20) result in !
;
.:3': (Dz - Sz) ?1 = ‘n?z 'Y :

l

(02 - §9) T, = nT, (22) !
and

DTIS 1,

d?é = Fé at x3=0. (23)

Also, (21) becomes

T Tp*0 as xg+ =, (24)

Equation (22) can be expressed as a fourth-order homogeneous
ordinary differential equation which is

il Sasisaat Aododos

(0% - 2582+ (R +sH) T =0, r=1,2. (25) 1

In view of the regularity condition (24), the solution of Equation (25)
has the form

'7; = e'“z[Ar cos 6z + B_ sin 6z] (26)

where

14




S

X (s4 +n

T l |

g (s¥ + n2) /2 , 2] 1/2
5 .

2,1/2 211/2
% -

- ws
Qﬁ
Substituting (26) into (22) and (23) gives
¥ 'P} =-wA +6B, , r= 1,2 (27)
N

and

AL=- 75 By s (28)

| AR
whad b el Lwlvs

By =z Az - (29)

3

é Hence, we have four equations for four unknowns A1, A2, Bi1 and B2,
X which can be readily obtained.

\ 2w, + P

} A 1" "2

] 2T e

% 1 Zu(m2 + 62) ’

A 2
4 n.P.l - 2'” Fz

d Aa—j_z_’
e 2 2u(w® + 6°)

»s

2
g« 2271 - P
1 26(u® + 6%)

2
. n'P'l + 26 FZ

. B, = . 30
- 2" 20(u? + 69 30
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Following the substitution of the expression (30) into (26) and
according to T = T; + iT2, we obtain T as

-0x3 —
T=e [(C1 cos 6xg + C2 sin 6x3) Py

+ (C3 cos 0x3 + C4 sin 6x3) Fé] . (31)

c = ‘2“2 + in
1 Zm(m2 + 92)

202 + in
26(:»2 + 62)

c = -l = 12“2
3 Zm(m2 + 62)
c = °n + 1202
4 26(f + &)
Again, the temperature field is left in the Fourier transformed expres-
sion, which will be used in solving the thermal stress field. To be
complete and also for comparison, the Green's function solution
approach for the temperature field is given in the following.

The Green's function solution can be expressed as

dt'
4oC[mc(t - £1)]%/¢

g(xy = X{s X5 = X3, X3, t - t') =

[(x; - x§) - V(t - £)1° + (x, - xé)z + x§
T expy - It - €'

(32)
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0 which is the temperature at time t at the location (x1, x2, x3) due to

'-’ the unit heat flux input emitted at time t' at the location (x{, x3,

5 0). It can be easily shown that Equation (32) satisfies the governing

"a heat equation (16).

g ' The temperature field can be obtained by the convolution integral
as

T(xl.xz,x3,t) =‘/; q(xi,xé) Ko(x1 - xi, Xy - xé, Xgs t - t') dxi dx;

H é
| (33) :

where By indicates the heat-flux input region and

2 t
= Ko =/ g(xl - xi, Xy = xé, X3, t - t') dt' . (34)
. 0
S Substituting (32) into (34) and changing the variable by letting
- T = R/2/c[t - t'), K, becomes |
,S V(xq-x1)/2¢x p,
3 e L1 / -2 (vBRZ166%?) (35
5 o 372, ¢ )
= | kR R/2/xt
& where o = density
,é ¢ = specific heat
z k = pcx
R=[(x - xi)2 + (x, - xé)2 + xg]l/2 .
E: Considering the steady-state solution, i.e., t + = Equation (35)
» results in
v
17
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G(x1 = X{» Xy = X3, x3) = lim K,

t >

_ Z%EK e-V[R - (xl - Xi)]/ZK . (36)

Accordingly, the steady-state temperature field can be obtained as

-V[R-(xl-xi)]/zx
T(xgXpex3) =2-,1;k- _A a(x{,x3) . dxj dxy  (37)
H

which will be employed to give the numerical results for different
cases of application.

Thermal Stress Field. The governing equations for the thermal stress
solutions are based on the theory of quasi-static uncoupled thermoelas-
ticity. The governing equations are then

uvzuj + (A +u) 35(F » y) = (31 + 2u) ad,T (38)
and
cIj = A8,y + w(dguy + 3ug) - (31 + 2u) TSy (39)

subject to the boundary conditions
T

93 =0, i=1,23 at x3=0, (40)
on , uy >0 as (xixi)l/2 + o, (41)

The double Fourier transforms of Equations (38) through (41) are

18
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- X0 (07 - (agXp + X2)] T, - 1a,K,003 = -iaX,T , (43)
- - {a.%,00, - 125,00, + (a.0% - s2) U, = a,0T (44)
21" 2% "2 1 3° 33"
=T
. ., == = _ =
-
22 —— - — _ =
== = -i(rxquy + aX,u,) + rDug - agT , (46)
T .
33 - e — T -
‘ A "
12 . == == 5
= = -l + xu,) (48) s
N
753 L G|
5
—T -
(]
_3_1. = 0ay - 1x,0y (50)
7;1 =0, 1=1,23 at x3=0, (51)
. TG0 oas (GEVEe ., (52)

where r = A/y, a =r+ 2, a, =r+ 1 and a, = (3r + 2) a.
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Equations (42) through (44) form a system of three simultaneous
linear differential equations. The dependent variables uj are to be
solved. The system can be rewritten as

—~ Ry
Tdise -
- .

e

pho- Aﬁi = Ai s 1 =1,2,3 (53)
>

S where A is a differential operator that is the determinant of the

% system,

e

2 0% - (a%; + X3) -a,%,%, -1a,x,0

A = -aZYIYZ 02 - (ali'g + I%) -i aZYZD

: -1ax,0 -fax,D a102 - s2

ot

% = 2 (0% - 5?3 (54)
il and 4's are

I 2 _ =2 iaxw

4 — - 2 2

i a3DT -iazxZD alD -s

Az = =a,X Xy -ia3x2T -iaZxZD s

: -132§'1[J 330? aID2 -2

20




by = -aX Xy 0% - ("’173 + 7%’ -fag,l |

-1ax,D -1a,X,D a 0T
The solutions obtained through Equation (53) are particular solutions
which are
» 3% -0x3

u, = 23;33 (Gr cos 6x3 + Hr sin 0x3) e , r=12,

ig = 2;%65 (G3 cos ex3 + H3 sin 8x3) e.mx3 (55)
where

Gl = GZ = 82 - iBl s Hl = H2 = 'AZ + iAl ,

Gy = -i(w6y - OH;) , Hy = -i(wH; - 8G;) .

A1, A2, B and B2 are shown in Equation (30). The complementary
solutions can be determined by duj = 0. In view of Equation (54) and
considering the regularity condition, we obtain
x. -SX
- _ 1 3
ul :— (hl + h2x3) e ’
X2

-SX
W= byt hxg)e O,

21
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Eg = --—%:— [azs(h1 + h2x3) + (a2 + 2) hZ] e

QX2

With regard to Equations (55) and (56), the general solutions are

e SX3 (56)

T U T, 1-123. (57) |

Two unknowns hy and hz will be determined by substituting Equation (57)
into Equations (47) and (49) and employing the boundary condition (51),
thus we have

h, = a3§é [a,s6 H, + (52 - a,sw + a 92) ]
17 Sa e 150 M 1 1#7) 61
alazs w0
.
hy = 23%253 [-se H, - (s? - su+ alez) 6] . (58)
< Following the substitution of the displacement solution, (56)
ﬁf through (58), into Equations (45) through (50), the thermal stress
i field can be readily obtained.
M g .
A8 o ~Wwx -SX
2 11 _ 3 3
= I Rt e = UL SR i T UL
= T |
- %22 -uxg -sx3] (
':‘:5. ‘
W =T ~
. g - WX -S$X
33 3 3
- = L('b9”1 T U C T R PUU ] ,
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51 -
e ‘[(‘bls”l * bigby) e

T

wx

191 - bof) e

= 1(C)P) + C5Py

o ' - WX
23 . - 3
< = % fb17”1 - bgfy) e T - (b
.- "o
i fb17”1 - big6y) e
where
-(n + 12(..2) Fl + (2m2 - in) P'z
Hl ) Zw(mz + 02)
(n - 1202) Fl + (262 + in) P'Z
G =
1

26(w® + 0%)

-a3

= -1(CPy + P,

by = g7 (28 cos 6xj - Y‘; sin 6x,) ,

4

-a
b, = ;1—35- (7% Cos 6x3 + 2uwd sin °X3) ,

b. =

3w\ 3y, Ty

2 22
f_i(xl L rs X173

).

a aw-s 2
.3 1 ;%+"(s_“’___l‘s +(s-w)7§x3

b
4 almé' 3,

"33

)

bg = a1—me- (2w8 cos x4 - Yg sin 9x3) ’

23

-SX3<

-SX3

) »

) »

|

J

§

3 —_— 'SX3
+ (‘blsHl + blBGI) X)X, € s

(59)
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: byy = - :3: X3 »
) 1
a3s2
blz SW[I + (s -w) x3] ]
2% X.
37172
P13 " “ages 1M O3,
Xy X, y
3172 »
P14 = - —3ges C0s O3 . :
.':71
by, =3 (L .23 4
15 o a,s 3y ’ X
A
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e
e )
{

a a0 - S ;

s 3 1 '

b,, = + (s - w) x ], :

: 16 ale [ a,s 3 I

N !

%3

\'g . byy = a_lw'é' (-8 cos x5 + v sin 9x3) s

.

S ‘33 !

b18 = W (w cos ex3 + 0 sin ex3) ’

ay d

big =q (-1 +sx3) |

f ag

v, byo * a,ud [-u+ s(w-5) x3], 4

Note that P, and P, are the real and imaginary part of Q/k. 1*

B Therefore }

P -i
P'l = 2%-'(-/; Q(xl, xz) cos (:?lxl + szz) dx; dx, ,

w2 H

. 'Fz = ?%E/B Q(xl, xz) sin (';'t'lx1 + szz) dxq dx, . (60)

- H ‘

3

- For the case P2 = 0, Equations (59) become

" 7 %3 ~3%3

= =5 = Pp|(byCy + byCp) @ T+ (bgly + byCy) e ’

Y . F;Z -WXq -SXq

- - " 71[“’5‘:1 + bgCy) e 7+ (byCy + bgly) e '




i} L“’13°1 + byyCy) @

5 = P1|(bgCy + byCy) e

.-

Ubl?cl + b18c2) e

L(bNC1 + blBCZ) e

T T T T s T e T S S S

-wx

- WX

-WxX

- WX
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3 =SX3
= (byyCy + bppCy) e } ,

-SX3-

-$X., |
31. (61)

3 < %3
+ (bygCy + bygly) Xyx5 @ ] ,
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4.0 NUMERICAL RESULTS

Previous sections have shown the general expressions for the
transformed mechanical and thermal stress fields. Applying the inverse
Fourier transform and following through the simplification of the
multiple integrals, results for several cases can be obtained
numerically.

4.1 A Moving Rectangular Contact Area of Uniform Pressure (Case 1)
Mechanical Stress Field
The tractions of the mechanical loading are

933 = R3(xys x5, 0) , G35 = -Ry =0, 03 = -Ri(x;, x5, 0)

where
Py * constant , x; £3, x5 &b
R3 =
0, elsewhere
Ry = -BeR3 -
The corresponding transformed boundary conditions can be readily 4
obtained 1
Y (X% 1 #Xx ) s
- 1 1X17%2%2

b [a (X 4X 1 +X X )
1 1*17%2*2
’T'/:b /_apoe dx; dx,

P b ix,x a ixqyx
..z.:_[/ezzdxz] [/ e 1ldxl]
-b -a

(Equation continued on next page.)
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% (xja) sin(x,b)
= sin(x,a) sin(x,b) ,
'*1*2 1 2
.R.l = -l-lf .R-3 'Y .R-Z s 0 . (62)

Following the substitution of (62) into (15) and applying the inverse
transform, the mechanical stress components can be expressed as

{oij} = {on } + {°1j}
where the first term on the right-hand side of this equation denotes

the stress components resulting from the normal loading R3, and the
second the frictional loading R;. The expressions are

P 2% -SY¢X -SY, X
:%/0 cot¢/ [73(1+ P I 23}

"+ W(s,$) ds d¢ ,

P 2n -
n 0 1 1 2 ) ) r
022 = ?[J H sin ¢ cos ¢/(-) {[73(-2- 8" - 1) Ml cos® ¢ + sin® ¢]

-$Y,X -SY,X
) 13-7172 sin2¢e 23}”(5.0) ds d¢ ,

-p 2% -sY;X3 ~SY,X
- _0 1 173 2”3
"33 '2 o Hsing¢cos ¢/ {Yg e - e ]

* W(s,¢) ds d¢ ,

-SYq.X =SYoX
7/ / [ "3 - Yle e 2 3] w(S,Q) ds d¢ ,

WSS A TN,




-'Y' A R R S T S T R A TR T T e L I\ e MRIAEI A e LAt Mt St e i S g e
R |
'_ = -
3 287 J, wessf, | e W(s,¢) ds do, :
s !
n -iP. [2x v,y =S¥y X -$Y,X 3
i ol A n—ﬁﬁo[e P 23]”(S,¢)dsd¢. |
. [
i ~iuP, f2n - . :
: £ TPy 1 2 1 13 ]
‘nE—z [, Asin */o {*2 cos” #(1 + 7 45 - M) e 1

o (Yq = 2747,) -SY,X '
= - [ 3 T 12 sin2 ¢ + ‘1273] e 273 W(s,¢) ds d¢ , '
% 2 ]
i
- -iucP 2% » -S$Yq, X

£ ivePy 1 1 .2 2 2 13

i 2 7 J, Fr?fr;[, 1*2[(? 8 - 1) M cos? ¢ + sin ¢] e

‘. '

-

3 (Y4 - 27,7,) -S$Y,X

L +[ 3 "212 sin o]e  23lu(s,e) ds do ,

- -iugP 2y -

2 £ "lugPy 2 1.2 2 2

Bz J, wmy ), {[(7“ - 1) # cos ¢ - ¥])

" -SYy X -SY,x

’ e 173, Yy e 273 W(s,9) ds d¢ ,

" -iugP  fox y - -SYyX (Y4 = 2vq7,)

- £, TuePy 2 2 1*3 1[0z -2y,

o %2 4 / H cos ¢ / Cos™ ¢ e -7 Z

- w J0 0 Y2

‘4 “S$Y,X

a . (sin2 $ - cos2 $) + 73] e 2 3} W(s,9) ds d¢ ,

N

~

pY]
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f “uePy [27 VY, [ (e-sle3 i e-svzx3)

023 3—-2-— 0 o 0 N(s,¢) ds d¢ ,

931 '2 0 H sin ¢ cos ¢./£ {?172 cos™ ¢ e

2

$) e W(s,¢) ds d¢ ,

=SYnX
- (Y§ - sin 2 3]

(63)

where

. . . -isy cos(6 - ¢)
N(s,0) = sin(sa cos ¢)ss1n(sb sin ¢) e ,

Y = (xi + xg 1/2 , Yy = (1 --% Mg cos2 ) »

Ty = (1- ME cos? ¢)1/2 , t=12,

2 -1 %2
H=Y3‘Y1Y2, o = tan x—l'o

Equations (63) can be reduced to single integrals by using the
techiniques of change of variables and the following equalities:

sin(sa cos ¢) sin(sb sin_gl,e'sytx3

< cos(sy cos(® - ¢))

-SY X
=.%-% e U3 {[cos s(acos ¢-bsiné-1vcos(e - ¢))

+ cos s(acos ¢ ~b sin ¢ + v cos(6 - ¢))]
- [cos s(a cos ¢ + b sin ¢ - v cos(® - ¢))
+ cos s(acos ¢ +b sin ¢ + v cos(9 - ¢))1} ,
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sin(sa cos ¢) sin(sb sin ¢) e

- sin(s Y cos(9 - ¢))

=-%-% e-svtx3 {[sin s(a cos ¢ - b sin ¢ + v cos(® - ¢))
- sin s(acos ¢ - b sin ¢ - Y cos(6 - ¢))]
- [sin s(a cos ¢ + b sin ¢ + Y cos(8 - ¢))
- sin s(a cos ¢ + b sin ¢ - v cos(® - ¢))]},

1 -sd -1 (e
[0 se sin(se) ds = tan (H) .

o» [ 2 2
-sd 1 -sd 1 e~ +d
e cos(se) ds =/ e ds - 5 In ( ) .
./Z o S 4 i

The term‘jB'-% e'Sd ds cancels out during simplification. Thus, the

stress fields are expressed as

=

/ col @ [v,4(1 +2 Mg - Mz) S) - M Y,5,1 ¢,

P L §
n _..0 1 1 g2 2 . 2
%99 ZZA sTh ¢{[Y3(?8 -l)Micos ¢ + sin® ¢]
© Sy - Y7, sin ¢ S,} de
1 1°2 2 ’

-P
n -

Po [T1
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f
%11

°23=2—"2' 0 Hcos¢[w1'w2]d¢’
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P [T M3

'Po TN

3 " 57 [, Fstne i - ¥lde,

-ucP m
fo 1 2 1
2/; Hsin¢{Y2c°s "’(1‘“?”%'”%) W)

2n
(v3 - ) 2
-[ 72 sin® ¢ + 7273] Wz dé ,

~ugP ]
z L H sin ¢ {Yz[(f 8" - 1) M% cos® ¢ + sin” ¢] W,

(Y4 = 2Y¢Y,)
+[ 3 12 sinZO]H2§d¢.

Y2

-ucpP L] Y
£% 2l g2 2, .2
zﬁ)ﬂsiw{[(?a-l)rﬁcos o - Y21 Wy + VgH,} do

-uP Ty (Yq = 2YY,)
f o 2 2 1 3 1'2
cos” ¢ W, -

Z'ZA Wcos’{ 1 '2'[ Yg

. (sin2 $ - cos2 $) + ‘13] N2§ d¢é ,

-ucP Y,

f'o 12[5 S]d
- ¢,

4!2/0‘ H 1 2
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-u.pP n
f _ %% 1 2 2 ;2

2n H sin™ ¢
(64)
in which
. 2 2.2
{[a cos ¢ +b sin ¢ + v cos(® - ¢)])° + th3}
g = In NI}
{[acos ¢ - b sin ¢ - ycos(6 - ¢)]° + th3}
{[acos ¢ +b sin ¢ - Y cos(8 - ¢)]2 + fog}
+ In
{[a cos ¢ - b sin ¢ + v cos(6 - ¢)]2 + Yﬁxg}

= $an-]1 2 €COS 6 - b sin ¢ + Y cos(® - ¢)
W, = tan Vo3

-1 acos ¢ +b sin ¢ - v cos(6 - ¢)

+ tan Y53

- tan-l 2cos ¢ - b sin ¢ - v cos(® - ¢)
Tt*3

- tan'l acos ¢ +bsin ¢ + v cos(6 - ¢)
Te*3

The integrals appearing in Equations (64) are suitable for numeri-
cal evaluation at any point inside the solid. However, most integrals
are not defined at ¢ = 0, #/2 or x. Limiting processes are imperative
so that singularities can be removed.
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Thermal Stress Field
Replacing Q(x1,x2) in (60) by expressions (20) and (17), we obtain X

P'l = ’E%k' A q(xl, x2) cos(?lfl + szz) dx, dx,

A AT s 2 .ae

~uP vV fa b _ _
ol o cos(xlx + x2x) dx2 dx1 ‘
:i
4
-u PV sin(x,b) [a ]
«_fo , 2 -
7K — / cos(xqx) dxq |
Xy -a :
-2uP_V
= ﬂt ° . _1__ sin(?la) sin(?zb) .
X1 Xy

|
.1
|

'P2 = -5117[ 3 q(xl, x2) sin(?lx1 + i'zxz) dx; dx,
H

>R 2 ) sm(xlx + xzx) dx, dxy

=0.

Substituting the expression P1 into (61) and applying the inverse
Fourfer transform yields

o -4ufP v k
f1 cos(xzxz) (b 01 + bZDZ) )
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-4uf -wXq -
= // cos(_zxz)[ (b +bD) _"]

-SX4 _

4

--4uf

- Ty cos(ipey) e [ *(bgdy + b1gP;) :

’ -e (an + by,0 2)] d_1 dx . :’
. N
o -4u_P V wXq "

12 f 0

£ = / / sin(—zxz) [ (-b1303 -b D4) i

-SX
— 3
- XXp e “(bygy+ b1:3[’4)]"*1 d&x; »

} T

. a qu PV [ [ WX

; 23 o - . 3

: ol / Xof1 sin(xx,) [e (by705 + bygDg)

: 2k Jo Jo

» -SX3

- e “(bygDg + bygD¢) | dx; dX,

: ) -~ ~uX3

-z, ﬁ) X1fy cos(xxp) le “(by;D; + 01g0g) :
-SX4
- e “(bygly + byDg) | dX :
; (65) -
; in which N
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fl = - sin('x'la) sin(Yzb) .

Xl Xz

D, = - .,2_1_—2 [w cos(xyx,) + -ga sin(xyx)7

w- + 6

)= _z_l_z. [8 cos(xyx,) - -g—e- sin(flxl)] s

w- + 0

Dy = - ,?%2' [w sin(Xyx,) + %ﬁ cos(xyx,)] »
Dy m [6 sin(Ryx;) - 7 cos(Xpxq)] ,
D = ;zi_ez [- '3‘6 sin(Xyx;) + w cos(X3x1)]
Dg = - :2_41-? [-'z'-e-;sin(i‘lxl) + 8 cos(xyx,)] ,
D, = ;2'%2 [%5 cos(X;x,) - o sin(X;x)1 ,

08 = —21—2 [-'2'-5- cos(?lxl) + 6 sin(i'lxl)] .

w” + 0

SndD A &g 8 o8 a8

Due to the complexity of the expressions, no existing automatic inte-

gration scheme for the above integrals are efficient. Hence the
Gaussian-Laguerre quadrature formulas are used for the numerical |
approximation. ]
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4.2 A Moving Disk of Uniform Pressure (Case 2)
Mechanical Stress Field

The pressure distributions are assumed to be of the form

033 = -R3(xys X35 0) , 03, = Ry =0, 03 = -Ry(x), x5, 0)

where
PO’ Y2=x%+xg$a2
R3 = .
o, elsewhere
1* ¥Ry .

The transformed boundary conditions can be obtained by using Equation

(3).

2 241/2
R, 0) _/ o RS S
’ X ’ = X X

P a 2n
0 isY cos(6-4)
= Ydy e de
’Efoﬁ,
a
= Po 0 YJO(SY) dy

aP
5t 4ylsa)

le-llf'R'3, .R.zso-

Following the same procedure as in Case 1, expressions are
obtained for the stress components of the forms
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DA AR A

R 4
et 121 s

-aP ®
0
%1 'T‘A

n ]
J ﬂ;,.z{yz cos? o1 + L - ) i

(13 - 2Y1Y2)

............
AAAAAAAAA

¢ + sin ¢]

- 1Y, sin? ¢ Sé} de ,

L] 1 2! '
o [ sin 2¢

[*35i - 717252'] dé ,

7173 sin ¢

twl - Hz] d¢ ?

Y1Y3 cos ¢
= [y - W,] de,

o+ 1213] "z} dé ,

¢ + sin 4] wi

(Yqy = 2Y¢7,) \
+[3 127 ¢in2 o| w. Ve,
Y, 2

{Yg[(% 8 - 1)




-aP % Y, COS ¢
f ¥ 2 1.2 2 24 ' '
933 * % ,L—H—{[(’z"'”"f‘”s ¢ - N1 W+ tde,

-aP T Y, sin ¢
f ) 2 2., .

1 [(r3 - 2nyv) 2 '
-3 [ 7 (sin® ¢ - cos® ¢) + Y3 Wyt de
2

f . 2 [ ™ sin 2¢ ' '
it Tl 2l A =g Y15 - Sl de

f -aPo "1

2
031 = - 0 | [7172 cos

¢s; - (vg - Y, sin ¢) s,] do (66)
where

(] hnd -Sth3
S, = Ji(sa) cos(sy cos(6 - ¢)) e ds ,
t 0 1

' ® SY¢X3
W, = J.(sa) sin(sy cos(® - ¢)) e ds ,
t 0 1

t=1,2.

The integrals for S; and w; can be solved analytically so that the
stress expressions have the form of single integrals which can be eval-
uated numerically.
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Thermal Stress Field

P1 and P, are given by
(a2 /2

Pi * cos(xlxl + xzxz) dx, dx;
-a 2 24172
-[a -xl]

[ 237112

-u PV a (X% +X,X,)
- Re e *172"2 dx,, dx
= -a J 2 2412 271
-[a° - x1]

-ugP V i aJl(sa)
k S *

PIRT ) WD

2 2.1/2
-up v fa pla"xl _
Py sin(xyx; + Xpxp) dx, dxg
-a 2 241/2
-fa ‘xl]

el Ao s

-u PV fa :

e ol - v - &2 g

—— . sin(xlxl) sin (x2 a xl) dxl g

o o
A =0. ]
3 Substitution of P, into (61) and again application of the inverse K
transform results in ﬂ

T
g ~2u PV [ (= -wx

11 f o - 3

o rzk /(; /(; 1’2 cos(xzxz) [e (bID1 + b202)

"SX3
+e (b301 + b4DZ) dii dié ,
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R -
0‘2‘2' uf°// f cos(_zxz)[ wx3(b50 + bgD,)

J -SX
s te b0y + bs”z’] dxy dx,

T
g -2uP V x
33 f 0
ol // °°s(.2"2’[ 3bgdy + bygd,)
"SX3
T
] -2u P V x
12 f 0
Tl / / fa sin(xyx,) |e [ 3(-by305 - byg0y)
—_— 'SX3
XXy e “(bygDy + byeD,) | dxy dx,
023 -ZufPOV/'“ - Fox) [-ux3(b D)
= x,f, sin(x e Do+ b
" A 0[, 2'2 22 17°5 © "18°6
'SX3 —
-e (blgo5 + bZODG) d'x'l dx, »

:
o “2u PV fo pfe -wX
31, ~2%P - 3
T /) A X1fa cos(xpx)) [e (by707 + 1g0g)

-SX
3

(67)
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4.3 A Moving Disk of Non-Uniform Pressure (Case 3)

Mechanical Stress Field
The traction boundary conditions are

933 * R3lxys x5, 0) , 039 = Ry =0, 93 = -Ri(x, x5, 0)

where
3 (1 -v2/a%) , x4l <l
v.'"E' R3 =
- 0 » elsewhere
2 24172
[a"-xj] 2,2, 1(xpx¥Xpx5)
F(—,x,0)=— 1-v%/a%)e dx, dx
10 %2 2 1/2 2 ™l
-[ax 2
P [a [2=
}: = '_0/ / (1 - 72/32) eiSY COS(9-¢) y dy de
+*, 0 0
_ 4P, J,(sa)
o5 ’
3 s
N
.R-1='uf‘R'3, R'2=0.

The expressions of the stress components are similar to those (66)
o in Case 2 except S; and H; being replaced by S: and H: which are of the
forms
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. ® Jz(sa) =S¥ X3
St = 4 S cos(sy cos(9 - ¢)) e ds ,
0

ﬁt
n

" » J,(sa) “SY, X
4/(; 2 S sin(sy cos(0 - ¢)) e t73 gs ’

t=1,2.
Again S: and N: can be solved analytically and accordingly numeri-
cal results of the stress components can be readily obtained by auto-

matic integration schemes for single integrals.

Thermal Stress Field

It is found that

py [a xz]1/2 p
f / / 12 ;2) cos(?lx1 + szz) dx, dx;
J

. -4ufP°V Jz(sa)

3 527 ’

F,=0.

The thermal stress field can be obtained by replacing f2 in (67)
with f3 which has the following form
4J2(sa)
f., =
3 SZ :

As an illustration of the numerical evaluation of the integrals,
graphical results are presented in dimensionless form.
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3 The coordinates are normalized by the half width of the asperity (a),
Eii such that (&, n, g) = (x1/a, x2/a, x3/a). The stress components are
0N normalized by the average pressure Po> ogj = °ij/po' The temperature
rise from the cold state is ¢ = Tk/qya, where q, is the heat flux

due to the average frictional load, that is, qo = ugpyV. Figures

3-4 show the mechanical principal stresses on the trailing side with

different depths, ¢, for Cases 1 and 2, respectively. It is noticed

that stresses rise sharply in the neighborhood of § = 1, as &

approaches zero. Such stress singularities at § = t1 are expected !
owing to the discontinuities of the loading conditions. Temperature
fields for different cases are shown in Figures 5-7, in which the tem-
perature decays rapidly with respect to the depth. Consequently, the
stress component o)) is compressive only in a very thin surface layer
due to the thermal effect. Its magnitude of compressive stress also
decreases rapidly with increase of depth, until finally it becomes
tensile. The consequential effect shown in Figure 8 that the maximum
tensile thermal principal stress is at ¢ = 10-! and of considerable
magnitude. It should be noted that the difference between the magni-
tude of the thermal stresses (Fig. 8 here and that in [6]) is due to
‘GEE in [6] being the dimensionless normal stress instead of the
principal stress. The combined stress field is represented by the
maximum principal stress, shown in Figure 9 for several depths in the
near-surface region. Observe the the Fig. 9 in [6] and that in this
paper show the difference only of order 2. It is attributed to the
difference of 2-D and 3-D analyses. The critical asperity pressure is
purposely chosen to be the same (365 MPa). To initiate crack, the
asperity travels at 15 m/s (-600 ips) in the 2-D case, while the
traverse speed has only to be 10 m/s (~400 ips) in the 3-D case.
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5.0 CONCLUSION
The paper developes the general mathematical model in three-
dimensional formulation to simulate the thermomechanical effect near
the seal surface as a result of a single moving asperity. In the gen-
eral solution, there is no restriction to the traverse and rubbing
speeds of the surface, that is the traverse speed of the asperity may
not be tied to any of the mating surfaces of the seal assembly. The
contact areas by postulation of the present analysis have the shape of
rectangular or circular regions. However, as evidenced from the
results of uniform force distributions over rectangular and circular
areas, the shape of the contact area is not that critical. With refer-
ence to Figure 5, the maximum temperature of ¢ = 40 x 10-3 corres-
ponds to 800°C in a steel based seal subjected to an asperity pressure
of 365 MPa (53,000 psi) traversing at a speed of 10 m/s (400 ips). The
same temperature may of course be attained with a lower asperity pres-
sure of 240 MPa (35,000 psi) but traversing at a speed of 15 m/s (600
psi). The high temperature is maintained only near the surface but
drop off at ¢ = 10-1. For the data used, the thermal boundary layer
is at most of the order of 100 microns. In the present analysis, it is J
postulated that the mechanical properties of the seal material remain
unchanged for all temperature levels during the loading. For those
seal materials that may change their mechanical properties at the high
temperatures near the boundary, the boundary layer analysis needs to be
considered. It is not unexpected that the maximum tensile stress
should occur at the thermal layer interface. The subsurface initiation
of fracture is also found in the two-dimensional model at a depth of
one-twentieth of the asperity width [7]. The average friction required
for fracture initiation is still high. It corresponds to a pressure
around 240 MPa (35,000 psi) in Figure 9, and a high Coulomb coefficient
of friction ug = 0.5.
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